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Abstract
In this paper we prove that for toric varieties the uniform K-
stability is a necessary condition for the existence of extremal metrics.
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1 Introduction
Extremal metrics, introduced by E. Calabi, have been studied inten-
sively in the past 20 years. The necessary conditions for the existence
are conjectured to be related to certain stabilities. There are many
works on this aspect. In particular, Tian first made great progess to-
ward understanding this. It was Tian who first gave an analytic ”sta-
bility” condition which he proved that is equivalent to the existence of
a Ka¨hler-Einstein metric ( [13]). This condition is the properness of the
Mabuchi functional. In [13], Tian also defined the algebro-geometric
notion of K-stability. In [5], Donaldson generalized Tian’s definition
of K-stablilty by giving an algebro-geometric definition of the Futaki
invariant and conjectured that it is equivalent to the existence of a
cscK metric. The conjecture can be formulated as
Conjecture 1.1 (Yau [17],Tian [13],Donaldson [5]) The manifold
M admits a cscK metric in the class c1(L) if and only if (M,L) is
K-polystable.
In [14] and [15], Tian explored the extremal metrics and geometric
stability and conjectured that (M,Ω) admits a cscK metric if and only
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if (M,Ω) is analytically G-stable for some maximal compact subgroup
G of Aut(M,Ω) (cf. Conjecture 4.1( [15])). In [8], Stoppa has a similar
conjecture that (M,L) admits an extremal metric in the class c1(L)
if and only if the pair (M,L) is K-polystable relative to a maximal
torus of Aut(M,L), while the necessary condition of this conjecture is
proved in [9].
The problem of searching canonical metrics may become simpler
if the manifold studied admits more symmetry. Hence, it is natural
to consider the toric varieties first. Each toric manifold M2n can
be represented by a Delzant polytope ∆¯ in Rn, the equation for the
extremal metrics becomes a real 4th order equation which is known
as the Abreu equation(cf. (2.4)). In a sequence of papers, Donaldson
initiated a program to study the extremal metrics on toric manifolds.
The problem is to solve the equation under certain necessary stability
conditions.
The formulation of stability becomes more elementary when we
consider the toric varieties. We list some important results on this
topic:
1. In [5], Donaldson formulated relatively K-polystability for Delzant
polytopes and conjectured that this stability implies the exis-
tence of the cscK metric on toric manifolds (cf. Conjecture 1.1).
2. In [5], Donaldson also introduce a stronger version of stability
which we call uniform K-stability in this paper(cf. Definition
4.4). He observed that the existence of weak solutions follow
immediately from such a uniform stability( [5], also Theorem
4.7 in §4.3).
3. When n=2, relatively K-polystability may imply uniform K-
stability: in [5], Donaldson prove that the relative K-polystability
imply the uniform K-stability when A > 0; recently, in [16],
Wang-Zhou show that the relative K-polystability implies the
uniform K-stability when A is an affine linear function.
4. Zhou-Zhu( [11]) introduced the notion of properness, i.e, the an-
alytic stability, on the modified Mabuchi functional and showed
the existence of weak solutions under this assumption.
On the other hand, In [12], Zhou-Zhu proved that relative K-polystable
is a necessary condition.
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In the thesis of Szekelyhidi( [10]), the author gave a nice survey
and exposition of K-stability. In particular, one version of uniform sta-
bility is discussed (cf. §3.1.1( [10]), also the discussion at the end of
§4.2) and correspondingly, such a uniform stability on toric manifolds
is studied in §4.2.1( [10]). As mentioned in his thesis, ”it is tempting
to conjecture that uniform K-stability is the correct condition char-
acterizing the existence of cscK metrics”. Such a point reveals the
importance of uniform stability.
In this paper, our goal is to show that the uniform K-stability
(introduced by Donaldson( [5])) is a necessary condition of the exis-
tence of extremal metrics on toric varieties (cf. Theorem 4.6). Such
a uniform stability is defined in Definition 4.4, it is stronger than the
one given in [10]. As this uniform K-stability immediately implies
the existence of weak solution of extremal metric, we would suggest a
modification on the original conjecture posed by Donaldson:
Conjecture 1.2 Let (M,ω) be a toric manifold and ∆ be the corre-
sponding Delzant polytope. (M,ω) has a metric within the class [ω]
that solves the Abreu equation (2.4) if and only if (∆, A) is uniformly
K-stable. In particular, the metric is extremal if and only if A is affine
linear.
Hence, our main theorem 4.6 says that the direction ”⇒” is true.
On the other hand, by Donaldson’s result, uniform K-stability implies
the existence of the weak solution (see also Theorem 4.7). In order to
prove the conjecture, it remains to establish the regularity of the weak
solutions. On the other hand, as a consequence of uniform stability,
we have the properness of the Mabuchi functional(cf. Theorem 4.8).
Hence, we show that the properness of the Mabuchi functional is a
necessary condition for the extremal metrics on toric varieties, which
is part of Tian’s conjecture on toric manifolds.
Remark 1.3 (i) By settling the regularity theory for toric surfaces,
we are able to prove the conjecture for almost any A, ( [1] and [2]). (ii)
It is tempting to get C0 estimate for the weak solution from the uni-
form K-polystability, this is done by Donaldson when n = 2. We will
consider this in the further study. Note that, by the work of [3], such
an estimate would imply the interior regularity of the Abreu equation
for any dimension.
There is a natural generalization of this problem in the PDE sense.
Namely, we may consider ∆ to be arbitrary convex domain and study
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the variational problem for the Abreu equation. The stability arises
naturally for such set-ups and it appears to be the necessary condition
for minimizer. This is considered by Donaldson as well and we give
a short discussion on this generalization in §6. On the other hand,
there is a family of 4th order PDEs which are of the same type of the
Abreu equation (cf. [7]). A generalization of the theory in this paper
to those equations will be discussed in [4].
2 A variational problem
Let ∆ be an open polytope in t∗ ∼= Rn. Suppose its closure ∆¯ is
compact. We explain the variation problem following Donaldson’s
paper closely (cf. §3 in [5]).
Suppose that ∆ is defined by linear inequalities hk(x) − ck > 0,
where hk(x)− ck = 0 defines the facet of ∆. Write δk(x) = hk(x)− ck
and set
uo(x) =
∑
δk(x) log δk(x). (2.1)
This function is first defined by Guillemin and it defines a Ka¨hler
metric on the toric variety defined by ∆ if it is a Delzant polytope.
Define S to be the set of continuous convex functions u on ∆¯ such
that u−uo is smooth on ∆¯. Let A be a smooth function on ∆¯ (in fact,
we may only require that A ∈ L∞(∆) (cf. [5]). Consider the following
functional
FA(u) = −
∫
∆
log det(uij)dµ + LA(u) (2.2)
where
LA(u) =
∫
∂∆
udσ −
∫
∆
Audµ. (2.3)
FA is known to be the Mabuchi functional and LA is closely related
to the Futaki invariants.
Definition 2.1 Let u be a continuous convex function on ∆. We say
it is an extremal function if LA(u) = 0.
Remark 2.2 It is easy to see that the functional FA(u) is bounded
below only if that any affine linear function is an extremal function.
Hence, We always assume that any affine linear function is an ex-
tremal function. This is equivalent to the vanishing of the Futaki in-
variants. Let G denote the set of affine linear functions.
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An extremal function is called nontrivial if it is not affine linear, i.e,
not in G. By this assumption, it is clear that the functional FA reduces
to be a functional on S/G.
The Euler-Lagrangian equation for FA is
∑ ∂2uij
∂xi∂xj
= −A. (2.4)
This is called the Abreu equation. It is known that if v ∈ S satisfies
the equation (2.4), then v is an absolute minimizer for FA on S.
3 Classes of convex functions on ∆
In this section, we introduce several classes of convex functions P,S, C∞
and C∗ on ∆(or ∆¯).
The first class is the set of piecewise rational linear convex func-
tions on ∆¯ which is denoted by P.
The second class of functions is S that is defined in the previous
section.
The third class of functions is considered by Donaldson in [5]: let
C∞ be the set of continuous convex functions on ∆¯ which are smooth
in the interior.
Since we essentially consider C∞/G, we introduce a subset C˜ ⊂ C∞
that is isomorphic to C∞/G. This can be done as the following: fix a
point po ∈ ∆ and consider the normalized functions:
C˜ = {u ∈ C∞|u ≥ u(po) = 0}.
For any u ∈ C˜ we set
‖u‖b :=
∫
∂∆
udσ, (3.1)
i.e, we think it as a norm of u, where b stands for boundary. It is known
that for a sequence of functions {u(k)} ∈ C˜ that is uniformly bounded
with respect to this norm, the sequence is locally uniformly converges
to a convex function u in ∆. Based on this fact, in [11], Zhou-Zhu
consider the functional FA on the ”compactification” of C˜. Be precise,
they consider classes of functions C∗ and C
P
∗ as the following. Let
C∗ = {u|there exist a constant C > 0 and a sequence of {u
(k)} in C˜
such that ‖u(k)‖b < C and u
(k) locally uniformly converges to
u in ∆}.
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For any u ∈ C∗, define u on boundary as
u(q) = lim
∆∋ξ→q
u, q ∈ ∂∆.
It is known that a function u ∈ C∗ is a convex function on ∆
∗ (the
union of ∆ and open codimensional-1 faces). Let P > 0 be a constant,
we define
CP∗ = {u ∈ C∗|‖u‖b ≤ P}.
The functional FA can be generalized to the classes C∞ (cf. [5]), C∗
and CP∗ (cf. [11]).
Donaldson proved that
inf
u∈C∞
FK(u) = inf
u∈S
FK(u), (3.2)
and when P is large enough, Zhou-Zhu proved that (cf. Corollary 2.8
( [11]))
inf
u∈C∗
FK(u) = inf
u∈CP
∗
FK(u) = inf
u∈S
FK(u). (3.3)
The following lemma is important to relate functions between C∞
and C∗ with respect to the linear functional LA. The proof of lemma
follows from the argument of [5] and [12].
Lemma 3.1 For any u ∈ CP∗ , there is a sequence of functions u
(k) ∈
C∞ such that u
(k) locally uniformly converges to u in ∆ and
‖u‖b = lim
k→∞
‖u(k)‖b, (3.4)
LA(u) = lim
k→∞
LA(u
(k)). (3.5)
Proof. Without loss of generality, we can assume that 0 is the center
of the mass of ∆ and u is normalized at the origin, i.e, u ≥ u(0) = 0.
Let
u˜k(ξ) = u(rkξ),
with rk < 1 and lim
k→∞
rk = 1. Then the sequence {u˜
(k)} in C(∆¯) locally
uniformly converges to u. From the construction and the convexity
we know u(ξ) ≥ u˜(k)(ξ) for any ξ ∈ ∂∆. Then Lebesgue dominated
convergence theorem implies that u˜(k)(ξ) converges u|∂∆ in L
1(∂∆) as
k →∞. In particular,
lim
k→∞
∫
∂∆
|u˜(k) − u|dσ = 0. (3.6)
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Let u˜
(k)
ǫ be the involution u˜(k) ⋆ ρǫ(ξ), where ρǫ ≥ 0 is a smooth
mollifier of Rn whose support is in Bǫ(0). For any k and
ǫ <
1− rk
4
dist(0, ∂∆),
u˜
(k)
ǫ is a smooth convex function in ∆¯. In fact, for any ξ, ξ′ ∈ ∆¯, and
t ∈ (0, 1)
u˜(k)ǫ (tξ + (1− t)ξ
′) =
∫
Rn
u˜(k)(tξ + (1− t)ξ′ − y)ρǫ(y)dy
=
∫
Bǫ(0)
u˜(k)(t(ξ − y) + (1− t)(ξ′ − y))ρǫ(y)dy
≤
∫
Bǫ(0)
[tu˜(k)(ξ − y) + (1− t)u˜(k)(ξ′ − y)]ρǫ(y)dy
= tu˜(k)ǫ (ξ) + (1− t)u˜
(k)
ǫ (ξ
′)
Then u˜
(k)
ǫ uniformly converges to u˜(k) on ∆¯ as ǫ→ 0.We choose ǫk > 0
such that
‖u˜(k)ǫk − u˜
(k)‖L∞(∆¯) ≤
1
k
. (3.7)
Let u(k) = u˜
(k)
ǫk . Since∫
∂∆
|u− u(k)|dσ ≤
∫
∂∆
|u− u˜(k)|dσ +
∫
∂∆
|u˜(k) − u(k)|dσ,
by (3.6) and (3.7), we conclude that u(k) converges to u|∂∆ in L
1(∂∆).
We prove (3.4). On the other hand, u(k) locally uniformly converges
to u in ∆. Then (3.5) still holds. The lemma is proved. q.e.d.
4 K-Stability
4.1 Relative K-stability
We start with the following definition
Definition 4.1 [relatively K-polystable] Let A ∈ C∞(∆¯) be a smooth
function on ∆¯. (∆, A) is called relatively K-polystable if
LA(u) ≥ 0 ∀u ∈ P, (4.1)
and there is no nontrivial extremal function in P.
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In [12], Zhou-Zhu proved that the relatively K-polystability is a nec-
essary condition for the existence of extremal metrics.
Since convex functions can be approximated by a sequence of ra-
tional piecewise-linear convex functions, we may assume that
LA(u) ≥ 0, ∀u ∈ S. (4.2)
By Lemma 3.1, we also have
LA(u) ≥ 0, ∀u ∈ C∗. (4.3)
If we replacing P in (4.1) by other classes in Definition 4.1, such as S,
C∞ or C
P
∗ , we may define stronger version of stability. This leads to
the following definition:
Definition 4.2 [relatively strong K-stability] Let A ∈ C∞(∆¯) be a
smooth function on ∆¯. (∆, A) is called relatively strong K-stable if
LA(u) ≥ 0 ∀u ∈ C
P
∗ , (4.4)
for some large P , and there is no nontrivial extremal function in CP∗ .
The main result of the paper is
Theorem 4.3 If the Abreu equation (2.4) has a solution in S, then
(∆, A) is relative strong K-stable.
4.2 Uniform K-stability
In [5] Donaldson introduced a new notion of stability for toric varieties
which we call uniformly K-stable here.
Definition 4.4 (∆, A) is called uniformly K-stable if there exists a
constant λ > 0 such that
LA(u) ≥ λ
∫
∂∆
udσ, ∀u ∈ C˜. (4.5)
Sometimes, we say that ∆ is (A,λ)-stable.
By Lemma 3.1, it is clear that
uniformly K-stable⇒ relatively K-polystable.
The reverse is unknown in general, however there are results when
dim∆ = 2:
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• when dim∆ = 2 and A ≥ 0, this is proved by Donaldson ( [5]);
• when dim∆ = 2 and A is linear, this is proved by Wang-Zhou(
[16]).
By Lemma 3.1, we have
Proposition 4.5 (∆, A) is relatively strong K-stable if and only if it
is uniform K-stable.
Proof. ”⇒”. If (∆, A) is not uniform K-stable, then for any integer
n > 0 there exists a function un ∈ C˜ with ‖un‖b = 1 such that
LA(un) ≤
1
n
.
Then un locally uniformly converges to a function u ∈ C
P
∗ and LA(u) =
0. Since (∆, A) is relatively strong K-stable, this implies that u ∈ G.
Since un are normalized, u ≡ 0. However, by the assumption, we know
that ∫
∆
Aun ≥ 1−
1
n
and the limit of this is
∫
∆Au = 0, which is impossible. This completes
the proof of one direction.
”⇐” Let u ∈ CP∗ , then by Lemma 3.1, there exists a sequence of
functions uk ∈ C˜ that locally uniform converges to u and LA(uk) →
LA(u). Hence LA(u) ≥ 0.
Now suppose that u is a nontrivial extremal function, i.e, u 6≡ 0
and LK(u) = 0. Without loss of generality, by Lemma 3.1 we assume
that the limit of
lim
k→∞
‖uk‖b → ‖u‖b
is C > 0. However, LA(u) = 0 is the limit
LA(uk) ≥ λ‖uk‖b → λC > 0.
We get a contradiction. Hence u can not be a nontrivial extremal
function. This completes the proof. q.e.d.
As a corollary of Theorem 4.3, we have
Theorem 4.6 If the Abreu equation (2.4) has a solution in S, then
(∆, A) is uniform K-stable.
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Namely, we prove that the uniform K-stability is a necessary condition
for existing a solution of (2.4) in S.
The uniform stability should be important and it is interesting
to consider its generalization to arbitrary Ka¨hler manifolds. In [10],
the author proposed a notion of uniform stability for general Ka¨hler
manifold and its version on toric varieties can be read as
LA(u) ≥ λ‖u‖, ∀u ∈ C˜, (4.6)
where ‖u‖ is certain norm which is chosen to be ‖u‖
L
n
n−1
in [10]. From
the point of view of (4.6), the uniform stability defined in this paper
is to choose ‖u‖ as ‖u‖b. It is shown in [10] that the norm ‖u‖b is
stronger than ‖u‖
L
n
n−1
.
4.3 Consequences of the uniform K-stability
We mention some consequences of the uniform K-stability.
In [5], Donaldson has a nice observation:
Theorem 4.7 (Donaldson, Prop. 5.1.2 [5]) If (∆, A) is uniform
stable, then the functional FA is bounded from below in C∞.
By Tian’s works, the properness of Mabuchi functional is another
important notion to stress the stability. Tian conjectures that the
extremal metric exists if and only if the Mabuchi functional is proper.
In [11], Zhou-Zhu formulates the properness on toric varieties. Here,
we show that the properness is a necessary condition. Be precise, we
have the following result.
Theorem 4.8 If the Abreu equation (2.4) has a solution v ∈ S, then
there exist constants ǫ, C > 0 such that
FK(u) ≥ −C + ǫ
∫
∆
udµ, ∀u ∈ C˜.
Proof. Let uo be the function given by (2.1) and suppose
Ao = −
∑ ∂2uijo
∂xi∂xj
.
Then uo ∈ S is the minimizer of the functional FAo in C∞, i.e,
FAo(u) ≥ FAo(uo) =: −Co. (4.7)
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Also there exists a constant R such that
LAo(u) ≤ R‖u‖b. (4.8)
In fact, this follows from the fact∣∣∣∣
∫
∆
Aoudµ
∣∣∣∣ ≤ |Ao|L∞‖u‖L1(∆) ≤ C‖u‖b.
For any constant r applying (4.7) to ru we have
FAo(ru) = −
∫
log det(uij)− C(r) + rLAo(u) ≥ −Co.
Hence,
FA(u) = −
∫
log det(uij) + LA(u)
≥ −Co + C(r)− rLAo(u) + LA(u)
≥ −Co + C(r) + (λ− rR)‖u‖b.
In the last step, we use the property of uniform stability. Choose r
small such that ǫ′ := λ− rR > 0, we have
FA(u) ≥ −C + ǫ
′‖u‖b. (4.9)
By the convexity of u, it is straightforward to show that when u ∈ C˜
there exists a constant C ′ such that ‖u‖b ≥ C
′‖u‖L1(∆). Hence,
FA(u) ≥ −C + ǫ
′C ′
∫
∆
udµ,
Set ǫ = ǫ′C ′, we finish the proof. q.e.d.
From the proof, we see that we have a stronger version of the
theorem, i.e, (4.9).
Another consequence of Theorem 4.6 is
Proposition 4.9 If v ∈ S is the solution of the Abreu equation (2.4),
then there exists a constant C depending on λ such that
‖v‖b ≤ C.
Proof. Note that by (5.1), LA(v) = nArea(∆) =: C1. Then by the
unform K-stability, we have
‖u‖b ≤ λ
−1LA(v) = λ
−1C1.
q.e.d.
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5 Proof of Theorem 4.3
Assume that v ∈ S is the solution of the Abreu equation (2.4).
Recall that for any convex function u on a domain Ω ⊂ Rn, it
defines a Monge-Ampere measure Mu on Ω.
Let u be a convex function. For any segment I ⊂⊂ ∆, the convex
function u defines a convex function w := u|I on I. It defines a Monge-
Ampere measure Mw on I, we denote this by N .
Lemma 5.1 Let u ∈ CK∗ and u
(k) ∈ C∞ locally uniformly converges
to u. If N(I) = m > 0, then
LA(u
(k)) > τm
for some positive constant τ independent of k.
Proof. First assume that u ∈ C∞. Then
LA(u) =
∫
∂∆
udσ −
∫
∆
Audµ =
∫
∂∆
udσ +
∫
∆
vijijudµ.
By Lemma 3.3.5 in [5], (there is a misprint of sign in the paper, for
the correct one, please refer to (3.3.6) in [5]),
∫
∆
vijiju =
∫
∆
vijuij −
∫
∂∆
udσ,
we have
LA(u) =
∫
∆
vijuijdµ. (5.1)
Let p be the midpoint of I. For simplicity, we assume that p is the
origin, I is on the x1 axis and I = (−a, a). Suppose that there is a
Euclidean ball B := Bǫo(0) in x1 = 0 plane such that I × B ⊂⊂ ∆.
Consider the functions
wx(x1) = u(x1, x), x1 ∈ I, x ∈ B.
For any x ∈ B, wx are convex functions on I. We denote the Monge-
Ampere measure on I induced by wx by Nx. Note that N0 = N .
By the weakly convergence of Monge-Ampere measure, we know that
there exists a small B such that for any x ∈ B
Nx(I) ≥ m/2. (5.2)
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In fact, if not, then there exists a sequence of xk → 0 such that
Mxk(I) < m/2. However, the sequence of functions wxk uniformly
converges to w0 in I, their Monge-Ampere measures should converge
in any compact set, i.e, Nxk(I)→ m, this contradicts the assumption.
On the other hand, the eigenvalues of vij are bounded below in
I ×B, let δ be the lower bound. Then
LA(u) ≥
∫
I×B
vijuijdµ ≥ δ
∫
I×B
Trace(uij)dµ
≥ δ
∫
I×B
u11dµ = δ
∫
B
Nx(I)dx ≥
mδ
2
V ol(B).
This completes the proof for u ∈ C∞.
Now suppose that u is a limit of a sequence u(k) ∈ C∞. Then u
(k)
converges to u uniformly on I×B. For each, u(k) we repeat the above
argument: let w
(k)
x , N
(k)
x replace wx and Nx. Since w
(k)
x converges
to wx uniformly with respect to k and x, N
(k)
x (I) also converges to
Nx(I) uniformly with respect to k and x. Hence, we conclude that
when k > K for some large K and x ∈ B,
N (k)x (I) ≥ m/4.
Therefore, by the same computation as above, we have
LA(u
(k)) ≥
mδ
4
V ol(B). q.e.d.
Proof of Theorem 4.3: If (∆, A) is not uniformly K-polystable,
then there is a sequence of convex function u(k) with the property
∫
∂∆
u(k)dσ = 1, and lim
k→∞
LA(u
(k)) = 0. (5.3)
In particular
lim
k→∞
∫
∆
Au(k)dµ = 1. (5.4)
Then u(k) locally uniformly converges to a function u ∈ CK∗ .
By the Lemma 5.1, we know that lim
k→∞
LA(u
(k)) = 0 only if for any
interior interval I ⊂⊂ ∆ the Monge-Ampere measure of u|I is 0. If
this is the case, u must be affine linear. In fact, suppose we normalize
u at some point p such that u ≥ u(p) = 0. Now consider any line ℓ
through p. By the assumption, the Monge-Ampere measure of u|ℓ is
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then trivial. Hence u ≡ 0 on ℓ. This is true for any line, hence u ≡ 0.
In particular ∫
∆
Audµ = 0.
Since u(k) locally uniformly converges to u, by the result of Donaldson
(cf. the last line in p332 of [5],) we know
lim
k→∞
∫
∆
Au(k)dµ =
∫
∆
Audµ. (5.5)
Then lim
k→∞
∫
∆Au
(k)dµ = 0. It contradicts to (5.4). q.e.d.
6 Generalizations
In [6] Donaldson also consider the case that ∆ is any bounded convex
domain with strictly convex smooth boundary.
Let Ω ⊂ Rn be a bounded convex domain with strictly convex
smooth boundary and σ be a smooth positive measure on ∂Ω. First
we recall definition of SΩ,σ.
For any point P ∈ ∂Ω we call a coordinates adapted if the local
coordinates ξ, η1, . . . ηn−1 near P so that ∂Ω is given by the equation
ξ = 0 and the normal derivative of ξ on the boundary is σ−1. Define
functions αp, p = 1, 2, 3, of a positive real variable by
α1(t) = − log t , α2(t) = t
−1 , α3(t) = t
−2.
Definition 6.1 Let SΩ,σ be all continuous convex functions u on Ω
such that
• u is smooth and strictly convex on Ω;
• In a neighbourhood of any point p of ∂Ω there are adapted co-
ordinates (ξ, ηi) in which
u = ξ log ξ + f
where for p ≥ 1, p+ q ≤ 3
|∇pξ∇
q
ηf | = o(αp(ξ)).
as ξ → 0.
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Donaldson considers the problem of minimising the functional
F(u) = −
∫
Ω
log det(uij)dµ + LΩ,A(u), (6.1)
where Ω is a bounded convex domain with strictly convex smooth
boundary and σ is a smooth positive measure on ∂Ω. Here
LΩ,A(u) =
∫
∂Ω
udσ −
∫
Ω
Audµ.
Similarly, we can define the relatively strong stability (cf. Defini-
tion 4.2) and the uniform stability(cf. Definition 4.4) for (Ω, A). Then
by the same argument of proof of Theorem 4.3 we have:
Proposition 6.2 If the Abreu equation (2.4) on Ω has a solution in
SΩ,σ, then (Ω, A) is relatively strong stable, hence, uniformly stable.
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